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We introduce a set of gauge invariant fermion fields in fermionic coset models and show that they play 
a very central role in the description of several Conformal Field Theories (CFT's). In particular we discuss 
^ I the explicit realization of primaries and their OPE in unitary minimal models, parafermion fields in Zj^. 

CFT's and that of spinon fields in SU{N)k, k ^ 1 Wess-Zumino-Witten models (WZW) theories. The 
higher level case (fc > 1) will be briefly discussed. Possible applications to QHE systems and spin-ladder 
systems are addressed. 



> 

^ Introduction 

^ ■ 

' The purpose of this talk is to briefly review the fermionic coset description of some particular CFT's, whose relevance 
, has shown up in particular in the construction of the primary operators in the minimal unitary models and the 
• parafermion models, as well as in the identification of quasiparticle operators in SU{N)i; WZW models We 
will particularly emphasize the realization of order-disorder (OD) algebras as well as the realization of quasi-particle 
operators with generalized statistics, where the gauge invariant fermion fields play a central role. 
O i' We want to point out that we will only briefly comment on some of the basics of CFT which are relevant for the 
^ i discussion we want to pursue. For more details see for example ref. [^. 

The so called coset construction was introduced by Goddard, Kent and Olive Q as a way to obtain CFT's with 
Virasoro central extension less than unity, and can be used to build up many interesting conformal field theories |^]. 
Lagrangian realizations of these coset theories have been presented, both in the bosonic formulation in terms of 
gauged WZW models and in the fermionic versions in terms of constrained (gauged) fermions. 
■ Here we will use the fermionic description of coset models, and will discuss essentially three cases: the models in 
the so called minimal unitary or FQS series 0, the Zk parafermion models Q and the SU{N)k WZW models 
(from the point of view of fermion cosets). However, the present approach can be applied to the study of arbitrary 
coset models. (Details on the computations that lead to the results reviewed here are contained in refs. pc|-p^). 

In the case of minimal models we have shown that all the primaries can be constructed as certain fermion bilinears, 
and in the case of the Ising model, (the first model in the minimal unitary series), we have shown that the role of the 
gauge invariant fermions is crucial in the identification of the OD fields. This is the first case in which the relevance 
of gauge invariant fermions has shown up pC| ]. 

In ref. (l| we have shown how the construction of the OD operators in can be generalized to construct all the 
primaries in Zk parafermion models, and we used this construction to study the "thermal" perturbation of the system. 

More recently [T^ , we have shown that the gauge invariant fermions realize in a natural way the so called "spinon" 
fields, which were shown to play a crucial role in the quasiparticle description of the Hilbert space of the SU{N)i WZW 
theories, as motivated by the underlying Yangian symmetry | [T^ . (The extension to higher level cases is in progress 
jl3| ). As a byproduct, we have also shown how to factorize the WZW primaries in holomorphic and anti-holomorphic 
parts, a problem that has received some attention recently p5|. 
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All these results clearly suggest that the gauge invariant fermions (gif 's) play an important role in the description 
of CFT's: in the case of SU{N)k WZW models, these gif's are precisely the quasiparticle operators, and both in the 
minimal unitary models and in the Z^. parafermion models, all the primaries are composites (bound states) of these 
gif's. Hence, there is a good chance that the construction of quasi-particle operators in terms of gif's pursued in 
refs. Ip^ , ^ could be extended to other CFT's. This construction could be of some interest in connection with the so 
called quasiparticle (or fermionic) representation of the characters for CFT's JTgI . 

Another interesting point is that the quasiparticle operators constructed in rcf. for the higher level cases satisfy 
non-abelian braiding relations, and hence could play a role in the description of some QHE systems, such as the so 
called Haldane-Rezayi and Pfaffian states [0, where the elementary quasiparticles have non-abelian statistics. 

Finally we want to mention the so called spin-ladder systems (see ref. [^|, and references therein), which in the low 
energy regime can be studied as certain WZW models with interactions. Our approach could be also useful in the 
study of these systems, where many interesting effects have a non-perturbative origin. 

An example: SU{N)i WZW theory as a fermion coset 

Let us first set up our conventions and describe the approach in a simple example, such as the fermionic coset 
representation of the SU{N)i WZW theory §. 

The idea is to describe this model as a fermionic coset U{N)/U{1), which is constructed starting with N free 
massless Dirac fermions and freezing the U{1) charge by imposing 

jfj,\phys>=0, (1) 

where is the C/(l) fermionic current. 

This is achieved in the path-integral by introducing a (5-functional as 

6[jf,] = J Da^fixp ^- j (fxTp'^-i^.il^a^ . (2) 

The partition function of the U{N)/U{1) model is then given by 

2uiN)/u(i) = J Dip'' Dil;Da^exp ^- J (fxt/j^i^ + i c/)il?j , (3) 

and is equivalent to the partition function of the SU{N)i WZW model in the sense that correlators of corresponding 
fields in the two theories coincide 

In order to write the partition function in a more manageable form, we perform the following change of variables 

a = i(du)u^^ a — i{du)u~^, 

iPi^uxi ipl^xlu^^, (4) 



where 9=^,9=^ and ip = j. The fields u and u are parametrized in terms of real scalar fields as 

h = exp(— — ii]) and h — exp(0 — irj). 

Taking into account the gauge fixing procedure and the Jacobians associated to (^) jl^ one arrives at the desired 
decoupled form for the partition function: 



^ = 2ff2fb2gh, (5) 



where 



2//= / Vx^Vxexpi-^ j{x\dxi+x\dX2)d?x), 

Zfb = jvcpeM^ J ^A(b(fx). (6) 
(The explicit form of the ghost partition function is inessential in what follows). 
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Notice that, although the partition function of the theory is completely decoupled, BRST quantization conditions 
connect the different sectors in order to ensure unitarity 

The central charge is now easily evaluated as the sum of three independent contributions coming from the different 
sectors, Cff = N, Cfi, = 1 and Cgh — —2, thus giving c = TV — 1 which coincides with the central charge of the SU{N)i 
WZW model. Similarly, conformal dimensions of primaries can be evaluated using this decoupled picture. 

More general models, as for example the SU{2)k WZW models, can be also represented as fermionic cosets by 
making use of the general equivalence ^ 

U{2k)/{U{l)xSU{k)2). (7) 

In this case, in addition to the constraint implemented by the abelian gauge field a^, we have to introduce another 
constraint associated with the SU{k) currents. This constraint will be implemented by a non-abelian gauge field in the 
Lie algebra of SU{k). The SU{k) gauge field is traded for a SU{k) WZW field through a decoupling transformation 
similar to that of eq.(^. 

Using the approach described above we have studied the following cases: 

i) Minimal unitary models 

These models can be represented as the cosets [Q 

{SU{2)kX SU{2)i)/SU{2)k+i, (8) 
and the Virasoro central charges lie in the FQS series 

c=l-6/ ({k + 2){k + 3)). (9) 
By making use of eq.(|^), one is led to make the identification of the coset (||) with the fermion coset 



SU{k)2xU{l)J \U{1)J 



/SU{2)k+i, (10) 



whose Lagrangian is given by 

c = ^H^+(/+:^+4)ij + x^ (^+¥^4)x, (n) 

where all the internal indices are supressed. (The fermions ip (V) transform in the fundamental representation of U{2k) 
(C/(2))). The gauge fields a^, bi^,Bi^,Ai_,, in the Lagrangian implement respectively the f/(l), U{1), SU{k)2 and 
SU {2)k+i. (The subindices refer to the central charge of the constrained afhne currents). 

Within this approach one can show that the central charge of these fermionic coset models is given by eq. (^ , all 
the primaries can be constructed in terms of fermion bilinears JTot , and the correlators can be evaluated in terms of 
known results on WZW theories [ po| . 

The point we want to make here is that the fermionic description is more suitable than the bosonic one regarding 
the construction of primary fields and their operator product algebra. In particular we can identify in a natural way 
the OD fields as we will show in the examples bellow. There is one interesting example that has been completely 
described within this scheme, which corresponds to the Ising model (c = 1/2, fc = 1 in eq.(^)). In this case, not only 
the primary operators, (i.e. the fields with their dimensions in the Kac table), but also the OD algebra has been 
realized using the gauge invariant fermions [Tc| ]. 

Gauge invariant fermions 

Let us introduce the gauge invariant fermion fields of the theory defined by eq.(|ll|), for k = 1, 

r{x) = e-'/r'*^-'^- ( Fe-''/r''^'^-) ,p^{x) (12) 



\ / ij 



(Note that for fc = 1, the B field is not present) 
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In terms of these fields, the spin (cr) and disorder (fi) fields read 

a{x) = ■0^-0 + x^Xj fJ-ix) = ip'^x + X^V'- (14) 

Using the decoupling formulation one can show that they have the correct dimensions (i.e. h — h — 1/16), and 
satisfy the OD algebra Q 

a{z,)fi{z2) = e"Q(^i-^^)A^(^2)a(^i), (15) 

where 0(z) stands for the Heaviside function. 

We will explain how the OD algebra arises in a simpler example later on, but let us point out that while the 
Schwinger line integrals associated with the non-abelian gauge field A cancel out in the bilinears (^^ , those associated 
with the abelian gauge fields a and b will not, and this fact will give rise to the OD algebra. 



ii) Zfc parafermion models 

These models are realized as the cosets 

SU{2)k/U{l), (16) 



and the Virasoro central charge is given by c = 2(fc — l)/(fc + 2). 
In terms of fermionic cosets they correspond to 



U{2k) 



C/(l) X SUik)2 



/Uil), (17) 



In order to construct the primary fields we have proceeded in two steps: first we have used the identification of the 
primary fields of the SU {2)k WZW in terms of fermion bilinears made in ref. ||^, and then, rewritting these bilinears in 
terms of gif 's we have shown that they correspond to OD fields. Other primaries of the Z^. models, such as parafermion 
currents, were also constructed as suitable composites of gauge invariant fermions. 

SU{2)k primaries 

The Lagrangian of the fermionic description of the SU{2)k WZW model is given by 

£ = V^(^+9'+^)V;, (18) 

where and i?^ are C/(l) and SU{k) gauge fields, implementing the respective constraints . 

The fundamental field g and its adjoint of the bosonic SU{2)k WZW theory are represented in terms of fermions 
by the bosonization formulae |^ 

5^^=V^0f, g^l^=^Pl4,i\ (19) 

All other integrable representations can be constructed as symmetrized normal ordered products of these fundamental 
fields. Note that these fields are invariant under gauge transformations, both in U{1) and SU{k), as they should be 
in order to correspond to physical operators. 

The theory which we are interested in has one more U{1) constraint (see eq.(^^), which we implement by adding 
to the Lagrangian (|l8| ) the term 

AL^V^^i^V', (20) 

where is an SU{2) generator. This term (after functional integration over 6^) implements the additional U{1) 
constraint as follows from eqs.(|l|),(||). It is easy to show, using the approach described above, that the central charge 
of the resulting model is the correct one. 

The fields in (|l|) vary under gauge transformations associated with the new gauge field, 6^, introduced in eq.(|20|). 
In order to ensure invariance also under these transformations, we will define the gauge invariant fermions as 

^ = e-'C'''"''-t''^p. (21) 
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In [ pl| we have shown that aU the Zk primaries can be built up from these fields. Here we will only discuss an 
example in some detail, in order to show how OD algebras are realized in terms of gifs. 

Using ( pT] ) we can construct the gauge invariant version of the g-field and its adjoint in eg. (p^) pO| 

m, = ^\^\ 4=^i^i^- (22) 

Let us consider the composites 

0-1=514, iii=gl.^. (23) 
In the decoupled picture these fields can be rewritten as 

ai^gi.i =: x^";7-i "'^xr e^^" e^^' 

Ml ^ g|.i =: xTU'-^xl'^ ■■: e"'^" :: e^^-^^ : . (24) 

Here tj is the SU{k) WZW field that parametrizes the field i?^, and are the U{1) boson fields that parametrize 

and respectively, and ^ph and (ph are the chiral (holomorphic and anti-holomorphic) components of the free boson 

4>b- 

The dimensions of these fields are easily evaluated in the decoupled picture and are given by 

and it can be shown that they satisfy the OD algebra [|lO| 

al{x^)^il{x2) = e^«(^^-"^Vi(a;2)ai(xi). (26) 

Eqs. (^5|) and ( p6| ) lead one to identify the fields a and ji defined in (^3|) with the order and disorder operators in the 
Zk parafermion theory. 

Let us stress that the OD algebra has its origin in the particular way in which the holomorphic components of the 
free boson (pb are combined in eq.(^J). This, in turn, is a consequence of the use of the gauge invariant fermions (|2l|). 
Indeed, one can easily check, using the cannonical commutation rules for that 

being the other factors commuting. 

This construction can be generalized to all other Zk primaries and hence, having identified all the primaries one can 
pursue the study of perturbations in the Lagrangian approach. We have studied the "thermal" perturbation of Zk 
models within the present approach and reduced the problem to the study of interacting WZW fields. In this scheme, 
two fixed points of the perturbed system were identified [O . 



iii) SU{N)k WZW models: gif's, spinons and holomorphic factorization 

All we have done so far is to study bilinears of the gauge invariant fermions. In this last section we will study the 
properties of the gauge invariant fermions themselves and show their relevance in the so called "spinon" description 
of WZW models as described in ref. 

Let us then define the gauge invariant fermion fields corresponding to the SU{N)k theory similarly as in (p^), 
(with Afj^ replaced by B^), that by construction will create the physical excitations, and let us study their properties. 
For simplicity we will discuss the level one case, although similar considerations apply to the higher level case [p^ . 

In the decoupled picture, the gifs are given by 

i;i\z) = e-^(^)xl(^) ^'i'^(^) = x\Hz)e-^^'^ ^28) 

where tp{z) and (p are the chiral (holomorphic and anti-holomorphic) components of the free boson 0. This fact 
together with the equation of motion of the free fermions x ensures that and ^^2^ ("02 and tf/'i) are holomorphic 
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(anti-holomorphic). The conformal dimensions are given by {{N — 1)/2A^, 0) and (0, {N — 1)/2N) respectively, thus 
suggesting that they correspond to the "halves" of the WZW primary g{z, z). 
In fact, it can be shown by the following sequence of identities 

5^^(z,z)=V2V'^ (29) 

that the gifs are the holomorphic factors of the WZW primary. 

The second important property satisfied by these operators is their OPE which allows us to identify them as the 
"spinon" operators of ref. : 

i^,\z)i;,\w) = ^—L^Ai: x\iw)x{{w) :) : exp2^H :+... = ^--1^$^^^ + . . . , (30) 

where A stands for antisymmetrization and $2"' is the WZW primary with dimension {N — 2)/N. 

As explained in the third reference of the branch cut in the OPE singularity implies that the excitations created 
by the spinon fields satisfy generalized statistics with "statistical angle" 9 — n/N. The chiral Fock space of the 
SU{N)i GET can be constructed in terms of the modes of these fields and this space can be classified into multiplets 
corresponding to the irreducible representations of the Yangian algebra Y{sIn) [ |14| . 

In the case of higher levels, the same construction can be done, and in this case, the excitations created by the 
gauge invariant fermions satisfy non-abelian braiding statistics. The holomorphic factorization of the WZW fields in 
terms of gifs can also be proved. The results of this investigation will appear elsewhere 
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